When using the quantum mechanical second-order equation with the effective potential of the Kerr-Newman (KN) field for fermions, results were obtained that qualitatively differ from results obtained when using the Dirac equation. In presence of two event horizons, existence of degenerate stationary bound states was proved for charged and uncharged fermions with square integrable wave functions vanishing on event horizons. The fermions in such states are localized near the event horizons with the maxima of probability densities away from the event horizons by fractions of the Compton wave length of fermions versus the values of coupling constants, the values of angular and orbital momenta , jl and the value of the azimuthal quantum number m  .
Introduction
In 1976, Chandrasekhar [1] , [2] , Page [3] and Toop [4] showed that it is possible to separate angular and radial variables in the Dirac equation for the point fermion in the Kerr and Kerr-Newman space-time. Since then, the behavior of the fermion in the external Kerr and Kerr-Newman fields has been studied in many papers (see, for example, [7] - [18] ). In [19] - [22] , the Dirac equation was studied in the Kerr-Newman space-time at 0 G  , where G is the Newtonian universal gravitational constant.
The nontrivial topology of Kerr and Kerr-Newman metrics associated with ring singularity was studied in [23] , [24] and later in [21] , [22] . It is shown in [23] , [24] that the maximally analytically extended Kerr-Newman manifold cross-linked through the ring. Such a topology persists for the Kerr metric and for "zero" gravitation 0 G  . In presence of event horizons, absence of stationary bound states of the Dirac equation is shown in [8] - [10] , [15] for the domains of wave functions of the fermion outside and under event horizons.These conclusions are also validated in this paper in section 2.
The situation qualitatively changes if the motion of fermions is described by a selfconjugate second-order equation with the spinor wave function. The second-order equation in the external electromagnetic field was first proposed by Dirac [25] . Using the ratio between the upper and lower spinors of the Dirac bispinor, the second-order equation can be written as two separate equations with spinor wave functions. In this case, for self-conjugacy of second-order equations, it is necessary to perform appropriate nonunitary similarity transformations for each of them (see, for example, [26] ). As a result, new physical consequences can arise when using self-conjugate second-order equations with spinor wave functions in quantum mechanics of halfspin particles in external electromagnetic and gravitational fields.
In this paper, the second-order equation with the effective potential is used to describe the motion of fermions in Kerr-Newman (KN) geometry. This equation also describes the motion of fermions in Schwarzschild [27] and Reissner-Nordström fields [28] at appropriate values of initial parameters. In absence of gravitation, the second-order equation describes the motion of fermions in the effective Coulomb field [26] . The impossibility of existence of stationary bound states of fermions was proved for the extreme KN field with the single event horizon.
Existence of discrete energy spectra of half-spin particles was validated and shown numerically for the naked KN singularity at definite values of physical parameters.
In Kerr-Newman geometry, the effective potential of the second-order equation is finite at the origin. Hence, the KN field of naked singularity in quantum mechanics of fermion motion does not pose any threat to cosmic censorship. Similar conclusions were made earlier for the Reissner-Nordström naked singularity [28] and for a number of timelike naked singularities in quantum mechanics of spinless particles [29] .
The paper is arranged as follows. In section 2, the self-conjugate Dirac equation is obtained for KN geometry, the variables are separated, the system of equations is presented for radial wave functions, the asymptotics of radial wave functions are considered, nonregular stationary solutions are determined for the Dirac equation in the KN field. The examination is carried out in presence of two event horizon, for the extreme KN field with the single event horizon and for the case of KN naked singularity.
In section 3, in the Kerr-Neman geometry, the self-conjugate second-order equation with spinor wave functions of fermions is obtained. The singularities of the effective potential and asymptotics of the radial wave function of the second-order equation are discussed.
The singularities of effective potentials and the behavior of radial wave functions testify to possibility of existence of stationary bound states of fermions both in presence of two horizons and for the case of KN naked singularity. Absence of the potential well for the extreme KN field testifies to absence of bound states of fermions in this case.
In section 4, the second-order equation with the effective potential after the Prüfer transformation [30] - [33] and introduction of a phase function is presented as a system of nonlinear differential first-order equations. In section 6, absence of a threat to cosmic censorship in quantum mechanics of fermion motion in the KN field of naked singularity is established.
In the Conclusions, the basic results of the paper are presented and discussed.
In the Appendix, the explicit form of effective potentials of the second-order equation in the KN field is presented.
Dirac equations in the Kerr and Kerr-Newman fields
In the paper, we generally use the system of units 1 c ; the signature of the metric of the Minkowsky space is chosen to be   diag 1, 1, 1, 1 .
In (1) and below, the underlined indexes are local. The indexes with Greek letters assume the values of 0,1, 2,3; the indexes with Latin letters assume the values of 1, 2,3. The standard rule for summation over repeated indexes is used.
Kerr and Kerr-Newman metrics
The stationary Kerr [3] Hamiltonians will be pseudo-Hermitian with Parker weight factors [35] in scalar products of wave functions. We can obtain self-conjugate Hamiltonians with plane scalar products of wave functions by using methods of pseudo-Hermitian quantum mechanics [36] - [38] . Such
Hamiltonians were obtained in [38] , [39] for the Kerr and Kerr-Newman metrics. In [40] , equivalence of the self-conjugate Hamiltonian in [38] and the Chandrasekhar Hamiltonian in [1] , [2] was proved.The drawback of Hamiltonian in [38] is impossibility to separate variables. 
In (7),  is the bispinor wave function. 2  22   1  ctg  sin  1  1  cos  sin  ,  2 2 sin 2  22   1  ctg  sin  1  1  cos  sin  ,  2 2 sin . In formulas (10), (11) ,
 
Let us perform some transformations to obtain a more symmetric form of Eq. (7) in compliance with [9] . Let
be diagonal matrices of the following forms: 
Then, the transformed wave function
satisfies the equation Dirac equations (7) and (21) ; . 10 00
Earlier, we used matrices in Dirac-Pauli representation to record Hamiltonians in Schwarzschild and Reissner-Nordström fields [27] , [28] :
;
. 01 00
The 
Next, let us take into account the property of Chandrasekhar-Page wave functions [21] , [41]         
and introduce real radial fucntions
Taking into account (34) , the function ˆD P  can be written as 
, YY   are spherical harmonics for a half-spin (see, for example, [27] , [28] , [42] 
In (41) 
Separation of variables
The standard procedure of separation of variables is admissible for Eq. ( 
The indicial equation for system (43) testifies to implementation of the mode of a particle "fall" to the outer event horizon [43] , [44] .
In this case, the solution of the indicial equation for system (43) is
12
Expressions (47) and (48) 
testifies to implementation of the mode of a particle "fall" to the inner event horizon [43] , [44] .
It is known [19] that at 0   , there are two square integrable solutions of the Dirac equation to the Kerr-Newman field. If we present
then the solutions of the indicial equation for system (43) are 12 0, 1 ss  [20] . For both the solutions 12 , ss, the function ,
The solution of this problem is proposed in [21] with the use of two-sheeted topology of the Kerr-Newman metric, allowing implementation beginning of the integration of equations (43) 
which testifies to implementation of the mode of a particle "fall" to the event horizon.
Naked KN singularity
At  , the asymptotics (44) is valid. As well as in sections 2.4.1, 2.4.2, we will use the asymptotics at    (50) instead of the ambiguous asymptotics at 0   .
Stationary solutions of Dirac equation

Nonregular stationary solutions of Dirac equation
In presence of event horizons
, it follows from expressions (45) -(48) that there exist solutions, for which the oscillating part of the considered asymptotics is absent:
In the absence of rotation   0 a   , expressions (52) -(53) coinside with the solutions for the Reissner-Nordström (RN) metric and Schwarzschild (S) metric, explored in detail in [27] , [28] :
For these solutions of the Dirac equation, there is no mode of a particle "fall" to the event horizons, however, solutions (52) and (53) are nonregular because of divergence of normalization integrals of asymptotics of wave functions (45) and (47) near the event horizons.
Regular stationary solutions of the Dirac equation for the extreme KN field
In this case, the solutions (52) and (53) 
As opposed to (52) and (53), solutions (56) and (57) can be regular at definite ratios of initial parameters.
14 In the equations for real radial functions (43), we will denote
For solutions (56) and (57) 
The first nonvanishing term in expansion  
Taking into account that for the extreme KN field
Eqs. (43) at   can be written as 22 22 11 0,
then the solution of the fidicial equation for system (63) is
For square integrability of functions , KN KN FG in (63), it is necessary to retain solution (65) with the positive sign in front of the square root and, in addition, the following inequality should be fulfilled:
i.е.,
For the RN metric, 4 2
In this case, the condition (67) coincides with the similar condition determined in [45] . 
Regular stationary solutions of
Self-conjugate second-order equations for spinor wave functions of fermions in gravitational and electromagnetic Kerr-Neaman fields
In order to obtain second-order equations, it is necessary to perform the following [46] Such equations can be obtained from system (43) . Let us denote:
.
In formulas (69) and (70), expression (42) is denoted as  .
Next, if we perform transformations  , 
The explicit form of potential (79) is presented in the Appendix.
In Eqs. (76) and (77), summand Schr E (78) is separated and simultaneously added to (79) and (80). This is done, on the one hand, for Eqs. (76) and (77) 
Equations (76) and (77) 
The asymptotics (84) are potential wells of
testifies to possibility of existence of stationary bound states of quantum-mechnical particles near the event horizons (see, for example [43] ).
For the extreme KN field
at   on the left and on the right from the event horizon:
From the asymptotics (86), for regular solutions (56), the condition of existence of a potential well and the condition of existence of stationary bound states
therein can be written as
As opposed to the Reissner-Nordström field (79) is regular at 0   .
Impenetrable potential barriers
The effective potential (79) 
,. 
Next, we will consider the following three variants for analysis:
1. The Kerr field:
The uncharged half-spin particle in the Kerr-Newman field:
The inequalities in variants 1, 2 for ,, 
24
The condition of existence of potential well (87) essentially limits inequalities (111) 
Method of phase functions
In (130) is described in detail in [52] .
For the allowed set of values of 11     , the Cauchy problem is numerically solved with the specified initial condition. For the solution of the Cauchy problem, we use the fifth-order Runge-Kutta explicit method with step control (the Ehle scheme of the Radau II A threestage method [53] In presence of two event horizons, the energy of bound states is determined by equalities (52) and (53) . In this case, only eigenfunctions   is similar to that considered earlier for the RN field [28] . It is associated with the similar behavior of the effective potentials at (55) in [28] ).
Analysis of the boundaries of the physical acceptability of solution
KN  at   KN    .
Calculated results
As well as in section 3.2.1, we will consider three variants: (84) and (56) in [28] ).
Analysis of physical acceptability boundaries of solution
KN  at   KN    .
Calculated results
Below, we will restrict ourselves to consideration of less exotic systems with the inner , Qa     .
As above in sections 3.2.1 and 5.2.1, we will consider three variants: The calculated results demonstrate the existence of stationary bound states of fermions with the discrete energy spectrum in the KN field of naked singularity. As a whole, the behavior of probability densities is of the same caharcater as that when considering atomic systems in the Minkowsky space.
Cosmic censorship
The hypothesis of the cosmic censorship proposed in [54] prohibits existence in nature of singularities not covered by event horizons. However, there is still no complete proof of this hypothesis. Along with black holes, many researchers examine formation of naked singularities, their stability and distinctive features during experimental observations [55] - [60] .
It is shown in [29] that there exist static metrics with time-like singularities manifesting themselves to be completely nonsingular when quantum mechanics of spinless particles are examined.
In our papers [27] , [28] , we validated the results of [29] as applied to motion of fermions under the horizon of the Schwarzschild metric and in the RN field of naked singularity. Indeed, the leading singularities of the effective potentials for these metrics in the neighborhood of singularity represent infinitely high potential barriers 
Conclusions
In the paper, the second-order self-conjugate equation with the effective potential is presented for the quantum-mechanical description of fermion motion in the classical Kerr-Newman field. In continuation of the previous paper [39] , we note that there are no singularities in effective potential (79) and in second-order equation (76) [46] . For the plane Minkowsky time-space covarint secondorder eqation for the fermions moving in external electromagnetic fields was proposed by Dirac [25] .
Our examination shows (see also [27] , [28] ) that the use of the second-order equation expand the possibilities to obtain regular solutions of quantum mechanics of half-spin particles motion in external gravitational and electromagnetic fields.
